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It has been recently realized that strong interactions in topological Bloch bands give rise to the appearance
of novel states of matter. Here we study connections between these systems – fractional Chern insulators and
the fractional quantum Hall states – via generalization of a gauge-fixed Wannier-Qi construction in the cylinder
geometry. Our setup offers a number of important advantages compared to the earlier exact diagonalization
studies on a torus. Most notably, it gives access to edge states and to a single-cut orbital entanglement spectrum,
hence to the physics of bulk-edge correspondence. It is also readily implemented in the state-of-the-art density
matrix renormalisation group method that allows for numerical simulations of significantly larger systems. We
demonstrate our general approach on examples of flat-band models on ruby and kagome lattices at bosonic
filling fractions ν = 1/2 and ν = 1, which show the signatures of (non)-Abelian phases, and establish the
correspondence between the physics of edge states and the entanglement in the bulk. Notably, we find that the
non-Abelian ν = 1 phase can be stabilized by purely on-site interactions in the presence of a confining potential.
PACS numbers: 71.10.Pm, 73.43.Cd
Introduction. Fractional quantum Hall (FQH) states1,2 pro-
vide examples of some of the most unusual phases of matter
supporting excitations with a fraction of the electron charge
that obey anyonic statistics.3,4 One of the remarkable features
of these states is that they realize a condensed matter exam-
ple of the holographic principle,5 which in this context defines
the relation between the physics of gapped bulk and of gapless
edge states at the sample’s boundary.2,6
Recently there has been a growing interest in lattice
models harboring nearly dispersionless (flat) bands with
nonzero Chern numbers, so-called fractional Chern insulators
(FCIs),7–27 which show states similar to those of the FQH ef-
fect. These novel systems do not require external magnetic
fields and can potentially be realized at room temperature due
to shorter lattice length scales compared to the typical mag-
netic length in quantum Hall (QH) systems. While the con-
nections between many-body correlations, quantum entangle-
ment, and the properties of edge states in the FQH case are
relatively well understood,28–30 the corresponding physics in
the FCIs has been less studied.
The standard numerical tool in the FCIs is exact diagonal-
ization (ED) of small systems.10,11 Despite its considerable
success in finding some of the robust FCI states there are a
number of reasons to look for alternative approaches which
would allow for a detailed understanding of larger systems.
A potentially powerful method in this context is the density
matrix renormalization group (DMRG);31 initially designed
for strongly correlated one-dimensional systems, it has been
successfully applied in the simulations of a variety of two-
dimensional states of matter including geometrically frus-
trated magnets32–34 and FQH systems.35–40
From modern developments in the theory of quantum en-
tanglement, which brought new ideas of the area law,41 the
entanglement spectrum,28 and matrix product states,42–45 it
has now become clear that a cylinder geometry plays a very
special role in the DMRG studies of strongly correlated
systems.42,46 Recently two pioneering papers33,47 suggested
using this geometry to extract information about topological
properties of correlated states, including the FCIs.
In this paper we consider a setup which generalizes the FCI
description on a torus to the case of finite cylinders, by con-
structing the interaction matrix elements in the gauge-fixed
version48,49 of the Wannier-Qi (WQ) basis.26 Our approach
has a number of advantages. First, it highlights the similarities
with the standard FQH physics thus allowing for a direct com-
parison between the two.26,48–50 Second, it provides a com-
putationally efficient setting for a momentum-space DMRG:
For a lattice, whose linear dimension is N unit cells, the log-
arithm of the computational cost on a cylinder scales as N ,
compared with 2N for DMRG on a torus, and N2 for ED.41
Third, the orbital entanglement spectrum (OES) on cylinders
probes the physics of a single edge, thus allowing for a cleaner
and more straightforward identification of topological orders,
compared to the torus setup which involves a nontrivial com-
bination of two edges.51,52 Fourth, it naturally allows for the
inclusion of an external potential which is ubiquitous in pos-
sible cold-atom realizations and, as we find, helps to stabilize
some of the fragile FCIs including the counterpart of the non-
Abelian Moore-Read state.53 Finally, the presence of a physi-
cal boundary makes it possible to study the FCI edge states in
detail.
Here we exploit all of these advantages by calculating the
OES and the edge excitation spectrum for bosonic FCIs at fill-
ing fractions ν = 1/2 and ν = 1. We find that the OES in
these systems have the same low-lying counting structure as
the edge excitation spectrum, thus providing compelling ev-
idence for the bulk-edge correspondence, similar to the one
found in FQH states. In addition, we demonstrate that the
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2Moore-Read FCI state at ν = 1, which in a standard setup
requires three-body interactions on a torus, is likely to survive
for more realistic two-body interactions in the presence of a
parabolic potential, providing another possible way to realize
non-Abelian phases which is different from the optical flux
lattice setup of Refs. 18 and 21. We note that our calculations
of the OES have been performed for systems which are much
larger than the current limit of ED.
Setup. We start with the lattice Hamiltonian on a finite torus
whose periods are defined by two vectors v1,2 with N1,2 unit
cells in the v1,2 direction. The system consists of Nb inter-
acting bosons partially filling the lowest Bloch band of the
ruby54 or the kagome7 lattice [we adopt the same symbols for
the hopping parameters as used in Ref. 25 and fix their val-
ues to {tr, ti, t1r, t1i, t4} = {1, 1.2,−1.2, 2.4,−1.46} for the
ruby lattice, and {t1, λ1, t2, λ2} = {1, 1, 0, 0} for the kagome
lattice]. We form a complete set of eigenstates in the lowest
Chern band using gauge-fixed WQ orbitals localized in the v1
direction.26,48 The latter are counterparts of the lowest Lan-
dau level single-particle wave functions in the Landau gauge.
This construction clarifies the connection between the lattice
CIs and the QH systems. A generic translationally invariant
two-body lattice interaction (projected to the lowest band in
a standard way11) has the following general form in the WQ
basis
Hˆ torlat =
N1N2−1∑
{jn}=0
δmod N2j1+j2,j3+j4V
lat,tor
{jn} aˆ
†
j1
aˆ†j2 aˆj3 aˆj4 , (1)
where aˆ†j creates a boson in j’s orbital and there are N1N2
WQ orbitals on the torus. In order to extend this construction
to the cylinder geometry withNs WQ orbitals (Ns  N1N2),
we keep N2 fixed while increasing N1 until we reach the con-
vergence of torus matrix elements V lat,tor{jn} with jn ∈ [0, Ns −
1]. This simple procedure generates a lattice with Ns WQ or-
bitals on the finite-length cylinder. The lattice size in the v2
direction is still N2 (the same as that on the torus), while we
have N cyl1 unit cells in the v1 direction, where N
cyl
1 = Ns/N2.
This system is described by the Hamiltonian Hˆcyllat , which can
be obtained from Eq. (1) by substituting N cyl1 and the in-
teraction matrix elements V lat,cyl{jn} = limN1→∞ V
lat,tor
{jn} . The
filling fraction ν is defined in terms of the number of parti-
cles, Nb, and the number of "flux quanta", Ns = N
cyl
1 N2, as
ν = Nb/(Ns +S), where S denotes system-size-independent
integer “shift,” which is a topological quantum number char-
acterizing FQH states in a finite geometry on a sphere or a
cylinder, which slightly increases the particle density. Com-
pared with the Hamiltonian of a FQH system on a finite cylin-
der the total momentum in our setup K =
∑Nb
n=1 jn is con-
served only mod N2.
Having constructed the Hamiltonian Hˆcyllat , we use DMRG
and ED to study the FCIs numerically. Our DMRG imple-
mentation is similar to the approach of Ref. 38. The or-
bital entanglement spectrum of the ground state, which in
the FQH case reflects the nature of edge excitations, can nat-
urally be generated in finite-size DMRG sweeps. Using a
standard recipe developed for the FQH systems55 we parti-
Figure 1. (Color online) The ground-state orbital entanglement spec-
trum for FCIs (red dots) and the corresponding OES for the Laughlin
state (blue dashed lines) from DMRG for 18 bosons at ν = 1/2. (a)
The ground-state OES for 5 × 7 ruby lattice is obtained for DMRG
cutoff ε = 10−10 after 13 sweeps. (b) The ground-state OES for
5 × 7 kagome lattice (ε = 10−9 after 10 sweeps). The OES of the
Laughlin state is obtained with ε = 10−10 after 20 sweeps.
tion WQ orbitals into two disjoint sets A and B, consist-
ing of lA consecutive orbitals with “momentum” j running
from 0 to lA − 1 and the remaining Ns − lA orbitals with
“momentum” lA to Ns − 1. Generalized (mod N2) total
momentum conservation requires that each OES level is la-
beled by NA and JA ≡ KA[mod N2]. Below we study ruby
and kagome lattices of dimension N cyl1 × N2 on finite cylin-
ders whose QH counterpart is a cylinder with a circumference
L = lBN2
√
2pi/ sin(pi/3), where lB is the magnetic length.
Entanglement spectrum. Let us first focus on the case of
the filling fraction ν = 1/2 in the presence of two-body on-
site interactions
∑
i nˆi(nˆi − 1), where nˆi is the number of
particles on i’s lattice site. Taking into account that the stan-
dard ν = 1/2 bosonic Laughlin state on a cylinder appears at
Ns = 2Nb − 1, we choose the same parameters for the FCI.
Our ED calculation for Hˆcyllat on small systems shows a unique
ground state with excited states separated by the many-particle
gap. The overlap |〈ΨGS|ΨLau〉| between the ground state and
the Laughlin ν = 1/2 state reaches 0.9996 and 0.9833 for 8
bosons on 3 × 5 ruby and kagome lattices correspondingly.
These strong overlaps signal that the ground states of Hˆcyllat are
in the same class as the Laughlin state.
To further identify the nature of topological orders in these
systems, we use DMRG to calculate the OES for a cut in the
WQ basis. By analogy with the FQH case the OES is ex-
pected to reflect the properties of edge excitations. We choose
lA = (Ns + 1)/2 and label each OES level by the particle
number NA (displayed data is typically chosen so that NA
corresponds to the pertinent root configuration) and the quasi-
momentum JA of the A set. The ground-state OES is pre-
3Figure 2. (Color online) The ground-state orbital entanglement spec-
trum for FCIs in the K∞ approximation (red dots) and the corre-
sponding OES for the Laughlin state (blue lines) from DMRG for 25
bosons at ν = 1/2. (a) The ground-state OES in the K∞ approxi-
mation for 7 × 7 ruby lattice (ε = 10−12 after 9 sweeps). (b) The
ground-state OES in the K∞ approximation for 7 × 7 kagome lat-
tice (ε = 10−11 after 11 sweeps). The OES of the Laughlin state is
obtained with ε = 10−10 after 20 sweeps.
sented in Fig. 1, where we have also included the results for
the Laughlin state. Compared to the usual OES picture for
FQH states, the one of the FCIs on a cylinder is folded, re-
flecting the generalized momentum conservation. This does
not alter the counting of the low-lying spectrum, and one can
clearly see the {1, 1, 2, 3, 5, 7} structure (Fig. 1). The spec-
trum of the ν = 1/2 FCI agrees well with the corresponding
Laughlin state.
Although the standard momentumK conservation does not
hold exactly in the finite cylinder geometry, the ED results
show that the FCI ground states still have a large weight
(reaching 99.94% and 97.82% for 8 bosons on 3 × 5 ruby
and kagome lattices) in the expected K sector, i.e., K =
Nb(Nb − 1) for a Laughlin state at ν = 1/2. We use this
observation to justify the K∞ approximation; namely, in the
following we omit the terms that break the standard K con-
servation in the Hamiltonian Hˆcyllat . Then, we can obtain the
ground states with a fixed K and label the OES by the stan-
dard (NA,KA) pair (Fig. 2). One can see that the low-lying
part of theK∞ ground-state OES matches that of the ν = 1/2
Laughlin state. There is a clear entanglement gap ∆ξ, de-
fined as the difference between the lowest level and the first
excited level in a fixed (NA,KA) sector [∆ξ ≈ 17 for the
Ruby lattice and ∆ξ ≈ 13.5 for the Kagome lattice in the
(NA = 13,KA = 156) sector] which is larger than that for
the ν = 1/2 Coulomb ground state in the FQH on a sphere
(∆ξ ≈ 1056). These results, together with the folded ground-
state OES, provide compelling evidence that the ground states
of these systems at ν = 1/2 are in the same class as the FQH
Figure 3. (Color online) (a) The ground-state orbital entanglement
spectrum for FCIs in the K∞ approximation for 16 bosons on 3× 5
ruby lattice with three-body on-site interactions (red dots), compared
with the OES of MR state (blue dashed lines) obtained from ED.
Even the finite-size reduced conformal field theory (CFT) countings,
indicated by numbers in parentheses, match identically in the FCI
case. (b), (c) The ground-state OES in the K∞ approximation for
22 bosons on 3 × 7 ruby lattice from DMRG for two-body on-site
interactions with a confining potential vp = 0.008 and Ntrap = 7
(ε = 5 × 10−8 after 18 sweeps) in (b) NA = 12 and (c) NA =
11 sectors. (d) The finite-size scaling of the entanglement gap in
∆KA = 0 sector (empty symbols) and ∆KA = 1 sector (filled
symbols) in the case of two-body interactions.
Laughlin state.
Now let us consider the case of ν = 1 with Ns = Nb − 1,
where we will look for the FCI counterpart of the non-Abelian
Moore-Read (MR) state. Compared with the Laughlin state,
the MR-like phase in FCIs is more fragile, usually requiring
three-body interactions on a torus.22,24,25 Therefore, we first
apply our cylinder setup to bosons with three-body on-site in-
teractions
∑
i nˆi(nˆi − 1)(nˆi − 2), where nˆi is the number
of particles on i’s lattice site. The ED result for 10 bosons
on 3 × 3 Ruby lattice shows a unique ground state with a
large overlap |〈ΨGS|ΨMR〉| = 0.9997 with the exact MR
state and the weight 99.96% in the expected K sector, i.e.,
K = Nb(Nb/2 − 1), which again justifies our K∞ approxi-
mation. We also obtain remarkable ED results for a larger sys-
tem: The overlap between the ground state in theK∞ approx-
imation and the exact MR state reaches 0.9998 for 16 bosons
and the low-lying part of the ground-state OES matches that
of the exact MR state with a very high precision and is ac-
companied by a large entanglement gap [∆ξ ≈ 15 in the
(NA = 8,KA = 24) sector] [Fig. 3(a)]. These results provide
compelling evidence for the existence of FCIs with three-body
interactions in the MR phase.
Surprisingly, we find that the MR FCIs on cylinders can
survive even in the case of more realistic two-body in-
teractions and an additional parabolic confining potential
vp{
∑Ntrap−1
j=0 [2pi(j − Ntrap)/L]2aˆ†j aˆj +
∑Ns−1
j=Ns−Ntrap [2pi(j +
4Figure 4. (Color online) Edge excitation spectrum from ED in the
K∞ approximation at ν = 1/2 (two-body on-site interactions) and
ν = 1 (three-body onsite interactions). (a) Nb = 8 on 5 × 5
ruby lattice with vl = 0.01. (b) Nb = 8 on 5 × 5 ruby lat-
tice with v′p = 0.0006. (c) Nb = 8 on 5 × 5 kagome lattice
with v′p = 0.001. We observe the U(1) counting of low-energy
excitations {1, 1, 2, 3, 5, 7, ...} at ∆K = {0, 1, 2, 3, 4, 5, ...} in all
three cases. (d) Nb = 10 on 5 × 3 ruby lattice with v′p =
0.0002. We observe the U(1)×Ising counting of low-energy exci-
tations {1, 1, 3, 5, 10, 16, ...} at ∆K = {0, 1, 2, 3, 4, 5, ...}.
Ntrap − Ns + 1)/L]2aˆ†j aˆj} acting on Ntrap WQ orbitals near
the edges.53 The overlap between the ground state in the K∞
approximation and the exact MR state reaches 0.9138 for 16
bosons (vp = 0.02, Ntrap = 5), which is smaller than the
three-body overlap, but is still highly nontrivial given that
the Hilbert-space dimension in the relevant K−sector is large
∼ 3×106. The low-lying part of the OES with the {1, 1, 3, 5}
and {1, 2, 4, 7} counting structures in two NA sectors, which
is another signature of the MR phase, is also present in larger
systems which we study using DMRG [Figs. 3(b), 3(c)].
Finite-size scaling of the entanglement gap up to 26 bosons
in ∆KA = 0, 1 sectors (NA is chosen as the particle number
in partition A for the root configuration 2020...2 of the MR
state) reveals that it is governed by the circumference of the
cylinder, L ∝ N2, whence ∆ξ(N2) = ∆ξ∞+O(1/N2). Fig-
ure 3(d) provides strong evidence that ∆ξ∞ 6= 0, i.e., that the
gap between CFT levels and the generic levels indeed remains
finite in the thermodynamic limit.
Edge excitation spectrum. Open boundaries of finite cylin-
ders provide a natural setting for the studies of edge excita-
tions which appear in the vicinity of real physical edges. In
our numerical approach we keep N2 fixed and increase N
cyl
1
adding extra WQ orbitals, then open the edge on one side to
allow occupation of these states while keeping the edge on the
other side closed. In order to observe a stable edge excitation
spectrum, we consider various confining potentials that extend
from the bulk to the extra WQ orbitals. For weak potentials, a
branch of low-energy excitations separated from higher levels
appears in the spectrum for both filling fractions ν = 1/2
and ν = 1 as shown in Fig. 4. For a linear confinement,
vl
∑Ns−1
j=0 (2pij/L)aˆ
†
j aˆj , the spectrum accurately matches the
prediction of the Luttinger liquid theory:6 The dispersion is
linear and the edge states in each ∆K sector have nearly
degenerate energies [Fig. 4(a)]. This degeneracy is lifted
by a parabolic confinement, v′p
∑Ns−1
j=0 (2pij/L)
2aˆ†j aˆj , which
makes the excitation spectrum similar to the OES [Figs. 4(b)-
4(d)]. The number of edge states in each ∆K sector does not
depend on the form of the confinement and matches exactly
with the conformal field theory prediction until the finite-size
effects intervene at higher energies. Similar results have re-
cently been obtained for a related problem of FQH states on a
lattice in uniform magnetic field.57
Discussion. In summary, we studied bosonic fractional
Chern insulators in the finite cylinder geometry using a combi-
nation of the exact diagonalization and the momentum-space
DMRG. The ground-state OES at ν = 1/2 has a strong
overlap with the OES of the corresponding Laughlin state.
The ground-state OES at ν = 1 shows that the FCI ana-
log of the FQH Moore-Read state is likely to survive even
with two-body on-site interactions. The counting structure in
the ground-state orbital entanglement, and the edge excitation
spectrum, provides strong evidence for the bulk-edge corre-
spondence in FCIs. Our setup is likely to bring new insights
into intriguing and less understood FCI states which have no
direct QH counterparts, most notably the states which can ex-
ist in flat bands with higher Chern numbers.58–61
Recently, similar results for the edge spectrum were ob-
tained for the fractional Chern insulators in a disk geometry
(using exact diagonalization in real space),62 thus corroborat-
ing the universality of our findings.
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